
Kontinuumsmechanik - Übung Hausaufgabe 4
Dr.-Ing. Rainer Glüge 15.11.2013

Marcus Aßmus

Ableitung der Hauptinvarianten nach deren Tensoren

Hauptinvarianten von A

- erste (IA) und zweite (IIA) Hauptinvariante

IA = 1 ⋅A = Aii = sp(A)

IIA =
1
2
[sp2

(A) − sp(A2
)]

=
1
2
[(Aii)

2
− (AijAji)]

- dritte Hauptinvariante IIIA durch IA und IIA mittels des Satzes von Caley-Hamilton darstellen

IIIA A0
− IIA A1

+ IA A2
−A3

= 0
IIIA 1 − IIA A1

+ IA A2
−A3

= 0
3IIIA − IIA spA + IA sp(A2

) − sp(A3
) = 0

IIIA −
1
3
IIA spA +

1
3
IA sp(A2

) −
1
3

sp(A3
) = 0

IIIA =
1
3
IIA spA −

1
3
IA sp(A2

) +
1
3

sp(A3
)

IIIA =
1
3
IIA Aii −

1
3
IA (AijAji) +

1
3
(AijAjmAmi)

IIIA =
1
3

1
2
[(Aii)

2
− (AijAji)] Aii −

1
3
IA (AijAji) +

1
3
(AijAjmAmi)

IIIA =
1
6
[(Aii)

2
− (AijAji)] Aii −

1
3
Aii (AijAji) +

1
3
(AijAjmAmi)

IIIA =
1
6
(Aii)

3
−

1
2
Aii(AijAji) +

1
3
(AijAjmAmi)

Zwischenrechnung sp(A2) & sp(A3)

A2
=AA

= AijAkl ei ⊗ ej ⋅ ek ⊗ el

= AijAkl δjk ei ⊗ el

= AijAjl ei ⊗ el

sp(A2
) = AijAji

A3
=AAA

= AijAklAmn ei ⊗ ej ⋅ ek ⊗ el ⋅ em ⊗ en

= AijAklAmn δjkδlm ei ⊗ en

= AijAjmAmn ei ⊗ en

sp(A3
) = AijAjmAmi

⟳

1



Ableitungen der Hauptinvarianten nach A

dIA

dA
=
∂Aii

∂Ajk
ej ⊗ ek

= δij δik ej ⊗ ek

= δjk ej ⊗ ek

= 1

dIIA

dA
=

1
2 ∂ [(Aii)

2 − (AjkAkj)]

∂Amn
em ⊗ en

=
1
2
[
∂(Aii)

2

∂Aii

∂Aii

∂Amn
−
∂Ajk

∂Amn
Akj −Ajk

∂Akj

∂Amn
] em ⊗ en

=
1
2
[2Aii δmn − δjm δknAkj −Ajk δkm δjn] em ⊗ en

=
1
2
[2Aii δmn −Anm −Anm] em ⊗ en

= [Aii δmn −Anm] em ⊗ en

= sp(A) 1 −AT

dIIIA

dA
=
∂ [1

6(Aii)
3 − 1

2Aii(AijAji) +
1
3(AijAjmAmi)]

∂Aop
eo ⊗ ep

=
⎡
⎢
⎢
⎢
⎣

1
6
∂ [(Aii)

3]

∂Aop
−

1
2
∂ [Aii(AijAji)]

∂Aop
+

1
3
∂[AijAjmAmi]

∂Aop

⎤
⎥
⎥
⎥
⎦

eo ⊗ ep

=

⎡
⎢
⎢
⎢
⎢
⎣

1
2
(Aii)

2δioδip −
1
2
(δioδip(AijAji) +Aii

∂ [AijAji]

∂Aop
)

+
1
3
(
∂Aij

∂Aop
AjmAmi +Aij

∂Ajm

∂Aop
Ami +AijAjm

∂Ami

∂Aop
)

⎤
⎥
⎥
⎥
⎥
⎦

eo ⊗ ep

= [
1
2
(Aii)

2δop −
1
2
δop(AijAji) −AiiA

T
+

1
3
δioδipAjmAmi +

1
3
AijδjoδmpAmi +

1
3
AijAjmδmoδip] eo ⊗ ep

=

⎡
⎢
⎢
⎢
⎢
⎣

1
2
(Aii)

2δop −
1
2
δop(AijAji)
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2 1 sp2(A)− 1
2 1 sp(A2)

−AiiA
T
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führt zu IAAT

+
1
3
δopAjmAmi +

1
3
AijδopAmi +

1
3
AijAjmδop
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1
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1
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1 sp(A2
)
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