
Continuum Mechanics Dr. M. Aßmus

Exercise 02

1. Inversion of the Rayleigh product

Problem

• Let A be an invertible second-order tensor and C an invertible fourth-order tensor.
Prove

(Q ⋆ C)−1 = A−⊤⋆ C−1 .

Solution

• We show this by

(Q ⋆ C)−1 (Q ⋆ C) = I .

• In fact,(
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These are the components of the identity tensor I = δikδjlei ⊗ ej ⊗ ek ⊗ el. Therefore, A−⊤⋆ C−1 is the
inverse of Q ⋆ C.

2. Invariance of isotropic fourth-order tensor

Problem

• The following tensor is called isotropic fourth-order tensor

C = a ei ⊗ ei ⊗ ej ⊗ ej + b ei ⊗ ej ⊗ ei ⊗ ej + c ei ⊗ ej ⊗ ej ⊗ ei

where a, b, c ∈ R holds and {ei} is an orthonormal basis. Show that C is invariant under the Rayleigh
product Q ⋆ C = C for all Q ∈ Orth .

Solution

• The components of C with respect to the orthonormal basis are

Cijkl = a δijδkl + b δikδjl + c δilδjk .

• The components of Q ⋆ C with respect to the same orthonormal basis are

(Q ⋆ C)mnop = QmiQnjQokQplCijkl

= aQmiQniQokQpk + bQmiQnjQoiQpj + cQmiQnjQojQpi

= a δmnδop + b δmoδnp + c δmpδno .

The direct juxtaposition reveals the equality

Cijkl =a δij δkl + b δik δjl + c δil δjk

=a δmnδop + b δmoδnp + c δmpδno

so that the invariance is proved.
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