Continuum Mechanics Dr. M. ABmus

Exercise 02

1. Inversion of the Rayleigh product

Problem

» Let A be an invertible second-order tensor and C an invertible fourth-order tensor.
Prove

(Q+C) ' =A"TxC!.

Solution

* We show this by
(Q+C) (Q*C)=1.
* Infact,
(A"xC™) Q*C) oy = A AGTAL AT Coly Ae A Arg AnClgn
= A Ay A A Coped AmeAns Arg AinClygn
= A;ilA[;jl Oceldf ArgAin C,;)idcefgh
= A A Agg A Ol Coegn
= AN A Ay A OagOun
= A AL ArgAn,

= ;0 -

ymn (

These are the components of the identity tensor I = §;,.6,.€; ® e; ® e, ® e;. Therefore, A~ 'x C™" is the
inverse of Q x C.

2. Invariance of isotropic fourth-order tensor

Problem
» The following tensor is called isotropic fourth-order tensor
C=ae,®e®ejRej+be;,Re; Qe Rej+ce;,RejRe;Xe;

where a, b, c € #Z holds and {e;} is an orthonormal basis. Show that C is invariant under the Rayleigh
product Q x C = Cfor all Q € Orth.

Solution
» The components of C with respect to the orthonormal basis are
Cijkl =a (5ij(5kl + bdikéﬂ -+ C(Siléjk .
» The components of Q@ » C with respect to the same orthonormal basis are

(Q *C),nop = QmiQnjQorQpiCijii

=a QmiQnionkaz + b QmianQaiij +c QmianQanpi
= 0 0mnOop - b Oy - € GO -

The direct juxtaposition reveals the equality
Cz'jkl =a 5@' (5kl + b52k 5jl + C(Sil (Sjk
=a 5mn50p +b 5m06np +c 5mp5no

so that the invariance is proved.
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